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Abstract
We consider a minimal condition that predicts the 1-3 lepton mixing angle θ13 ≃ θC/
√
2 with θC
the Cabibbo angle, and give the improved prediction of θ13. In the case of normal mass ordering,
the theoretical value of θ13 is predicted as θ13 = 8.6
◦, which is in good agreement with the current
global best fit. In the case of inverted mass ordering, the theoretical value is predicted as θ13 = 9.7
◦,
which is far from the current global best fit. We also study the leptonic CP violation. We show
that any values of the leptonic Dirac CP phase δCP can be obtained by fine tuning. Without
fine tuning, | sin δCP| should be very small, typically of O(λ2) where λ ≡ sin θC. Furthermore, a
model-independent measure of CP violation is proposed, which is applicable to any flavor models.
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In 2012, relatively large value of the lepton mixing angle, θ13 ≃ 9◦, has been established by
the neutrino oscillation experiments, T2K [1], MINOS [2], Double-Chooz [3], Daya-Bay [4],
and RENO [5]. The discovery of θ13 ≃ 9◦ is indeed an exciting progress in neutrino physics.
Experimentally, the determination of the leptonic Dirac CP phase δCP, neutrino mass or-
dering (normal or inverted), and the octant of the 2-3 lepton mixing angle θ23 (θ23 < pi/4 or
θ23 > pi/4), is important in neutrino oscillations. The current status and next generation of
neutrino studies are summarized in refs. [6–8].
Theoretically, it is interesting that θ13 ≃ 9◦ was predicted before the determination [9–11].
When θ13 ≃ 9◦ was predicted, the best fit value of global data was given by θ13 = 0◦ [12].
Although the agreement between theoretical prediction and the measured value is important,
it makes theoretical prediction interesting that the prediction was given by θ13 ≃ θC/
√
2 with
θC the Cabibbo angle, which indicates that the lepton flavor mixing and the quark flavor
mixing are correlated. If this correlation—a nontrivial link between leptons and quarks—is
true, it may play an important role to understand the flavor mixing.
In this paper we consider a minimal condition that predicts θ13 ≃ θC/
√
2, and give the
improved prediction of θ13. In the case of normal mass ordering, theoretical value of θ13 is
predicted as θ13 = 8.6
◦, which is consistent with the current global best fit. In the case of
inverted mass ordering, theoretical value is predicted as θ13 = 9.7
◦, which is far from the
current global best fit. We also study the leptonic CP violation. We show that any values of
the leptonic Dirac CP phase δCP can be obtained by fine tuning, including δCP ≃ 3pi/2 which
has been reported by T2K [13] and NOνA [14] as the preferred value. Without fine tuning,
| sin δCP| should be very small, typically of O(λ2) where λ ≡ sin θC. Finally, we propose a
model-independent measure of CP violation, which is applicable to any flavor models. We
do not consider Majorana phases in this paper, which are irrelevant for neutrino oscillations.
The interesting relation, θ13 ≃ θC/
√
2, is obtained as follows. The crucial condition is
ν ′e ⊥ ν3, (1)
where ν ′e is the Dirac mass eigenstate of the left-handed electron neutrino, and ν3 is the
light mass eigenstate with mass m3. Eq. (1) can be exact. In that case, symmetries may
exist behind eq. (1). Some deviations from eq. (1) are also possible. We consider both small
deviations and large deviations later. In the following we first consider the case that eq. (1)
is exact.
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The lepton flavor mixing is written by
να = UPMNSνi, (2)
where να (α = e, µ, τ) is the flavor eigenstate, νi (i = 1, 2, 3) is the light mass eigenstate,
and UPMNS is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lepton mixing matrix. The
PMNS matrix UPMNS contains three mixing angles, the leptonic Dirac CP phase δCP, and
two Majorana CP phases (in this paper we do not consider them). One can also construct
the basis of the Dirac mass eigenstate for left-handed neutrinos, written by ν ′α (α = e, µ, τ).
In that basis, the Dirac neutrino mass matrix is diagonal. Each Dirac mass eigenstate ν ′α
can be written as a superposition of the flavor eigenstate να. Although the weight is not
determined from the Standard Model, we write ν ′e as follows,
ν ′e = Vudνe + Vusνµ + Vubντ , (3)
where Vud, Vus, and Vub are the matrix elements of the Cabibbo-Kobayashi-Maskawa (CKM)
quark flavor mixing matrix. Eq. (3) is naturally expected in SO(10) or E6 grand unification,
since the Dirac mass matrix is approximately equivalent between quark and lepton sector.
From eqs. (2) and (3), ν ′e can be written as a superposition of ν1, ν2 and ν3,
ν ′e =(VudUe1 + VusUµ1 + VubUτ1)ν1
+ (VudUe2 + VusUµ2 + VubUτ2)ν2 + (VudUe3 + VusUµ3 + VubUτ3)ν3, (4)
where Uαi (α = e, µ, τ, i = 1, 2, 3) are the matrix elements of the PMNS matrix. In eq. (4),
the coefficient of ν3 vanishes,
VudUe3 + VusUµ3 + VubUτ3 = 0, (5)
since ν ′e is orthogonal to ν3. Eq. (5) contains 7 physical parameters—three quark mixing
angles, the Kobayashi-Maskawa quark CP phase, two lepton mixing angles, θ13 and θ23, and
the leptonic Dirac CP violation phase, δCP. The leptonic 1-2 mixing angle, θ12, is irrelevant.
Fig. 1 is a schematic figure of eq. (5). As shown in fig. 1, |VubUτ3| is much smaller
than |VudUe3| or |VusUµ3|. Therefore, at the lowest order approximation (or equivalently
|VubUτ3| → 0 limit), |VudUe3| equals to |VusUµ3|. Furthermore, |VudUe3| is typically equivalent
to sin θ13, since Vud ≃ 1. Consequently, the value of sin θ13 approximately equals to |VusUµ3|.
It gives θ13 ≃ θC/
√
2. This is a minimal overview of the interesting relation, θ13 ≃ θC/
√
2.
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FIG. 1. Schematic figure of eq. (5). The |VubUτ3| is much smaller than the |VudUe3| or |VusUµ3|.
In the |VubUτ3| → 0 limit, |VudUe3|(≃ sin θ13) equals to |VusUµ3|. It gives θ13 ≃ θC/
√
2.
The theoretical value of θ13 is obtained as follows. Since Vud ∼ 1, Vus ∼ λ and Vub ∼ λ3,
where λ = sin θC ≈ 0.2253 [15], eq. (5) can be written as
Ue3 = −λUµ3 +O(λ2). (6)
This is the lowest order approximation of eq. (5). From eq. (6), the following is obtained,
tan2 θ13 = sin
2 θC sin
2 θ23 +O(λ3). (7)
This is the relation among three mixing angles—two lepton mixing angles, θ13, θ23, and the
Cabibbo angle, θC. Eq. (7) shows that larger (smaller) θ23 gives larger (smaller) θ13. In the
limit of the maximal 2-3 mixing, eq. (7) gives θ13 ≃ θC/
√
2. A factor 1/
√
2 is originated
from sin θ23.
Using the global data of θ23 [7], θ23 = 42.3
+3.0
−1.6
◦
for normal mass ordering, θ23 = 49.5
+1.5
−2.2
◦
for inverted mass ordering, the theoretical value of θ13 is obtained as
θ13 =


8.6+0.5
−0.3
◦
(Normal mass ordering),
9.7+0.2
−0.3
◦
(Inverted mass ordering),
(8)
where the best fit value ±1σ is shown. As shown in eq. (8), in the case of normal mass
ordering, the theoretical value of θ13 is in good agreement with the current global data
θ13 = 8.50
+0.20
−0.21
◦
[7]. In the case of inverted mass ordering, the theoretical value is far from
the current global data θ13 = 8.51
+0.20
−0.21
◦
[7].
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Next we study the leptonic CP violation. The leptonic Dirac CP phase δCP is shown in
fig. 1. It shows that δCP ∼ pi. Thus, | sin δCP| is typically very small. Since |Im(VubUτ3)| ∼
O(λ3) and |VusUµ3| ∼ O(λ), | sin δCP| should be of O(λ2).
The theoretical value of δCP is obtained as follows. We write eq. (5) as(
1− λ
2
2
)
Ue3 + λUµ3 + Aλ
3(ρ− iη)Uτ3 = 0 +O(λ4), (9)
where A, λ, ρ and η are the usual Wolfenstein parameters [15, 16]. From eq. (9), we obtain
sin δCP = −Aλ2η cot θ23, (10)
and cos δCP ≃ −1. Thus, in the case that eq. (1) is exact, the magnitude of | sin δCP| is
very small, which is consistent with the results in refs. [17, 18]. Using the global data
of the Wolfenstein parameters [15], the leptonic Dirac CP phase is obtained as δCP =
(180.6 - 181.1)◦. It is too small to be observed by neutrino oscillation experiments. How-
ever, an interesting possibility has been reported in ref. [19]—even if δCP is close to pi, the
leptonic CP violation can be observed in atmospheric neutrinos.
Here we consider the deviation from eq. (1). The deviation appears in the r.h.s in eq. (5).
Since it represents the mixing between ν ′e and ν3, we write it as U
′
e3. In general, U
′
e3 is
complex. In this case, eq. (5) can be replaced by
VudUe3 + VusUµ3 + VubUτ3 = U
′
e3. (11)
Fig. 2 is a schematic figure of eq. (11). In fig. 2, the length of radius of the circle equals to
|VudUe3| ≃ sin θ13. Fig. 2 shows the special case that |U ′e3| is large. In the case that |U ′e3| is
small, fig. 2 is essentially equivalent to fig. 1.
As shown in fig. 2, by tuning both the magnitude and the argument of U ′e3 appropriately,
any values of the leptonic CP phase δCP can be obtained, including δCP ∼ 3pi/2, with keeping
the successful prediction θ13 ≃ 9◦. However, theoretically, this tuning is unnatural in the
following meaning. In the case that | sin δCP| is large, the value of |VudUe3| ≃ sin θ13 depends
on |U ′e3|. Therefore, in this case, θ13 ≃ 9◦ is originated from tuning of |U ′e3|. It is artificial.
In spite of the best fit value θ13 = 0
◦ at that time [12], the reason why some theorists have
believed θ13 ≃ 9◦ before the measurements is that sin θ13 is essentially determined only by
|VusUµ3|. In that prediction there is no tuning. From these investigations, we conclude as
follows—any values of δCP can be obtained by fine tuning. However, without fine tuning,
| sin δCP| should be very small, typically | sin δCP| ∼ O(λ2).
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FIG. 2. Schematic figure of eq. (11). The figure shows the special case that |U ′e3| is large.
Finally, we propose a measure of CP violation. We consider,
Ue1Ue2U
∗
e3Uµ3Uτ3
1− |Ue3|2 . (12)
It should be noted that we do not consider Majorana CP phases in this paper, and therefore
the matrix elements in eq. (12) should be understood as those of VPMNS, where UPMNS =
VPMNSP with P the diagonal Majorana phase matrix. Eq. (12) is not invariant under the
transformation Uαi → eiϕαUαie−iϕi, where ϕα(α = e, µ, τ) and ϕi(i = 1, 2, 3) are arbitrary.
However, eq. (12) is invariant under this transformation if ϕe + ϕµ + ϕτ = 0 and ϕ1 + ϕ2 +
ϕ3 = 0. Since the overall phase does not change the physics, without loss of generality we
can impose these conditions. Therefore, it is concluded that eq. (12) is phase-convention
independent, similarly to the usual Jarlskog parameter JCP [20].
In terms of the standard parametrization [15], we find that
JCP = Im
Ue1Ue2U
∗
e3Uµ3Uτ3
1− |Ue3|2 =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP, (13)
JCP ≡ ReUe1Ue2U
∗
e3Uµ3Uτ3
1− |Ue3|2 =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 cos δCP. (14)
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Thus, the imaginary part of eq. (12) equals to the usual Jarlskog parameter JCP, and the
real part gives JCP, which is proportional to cos δCP. The coefficients of JCP and JCP are
identical. Since eq. (12) is phase-convention independent, the scheme of using eq. (12) is
applicable to any flavor models.
To show an example, we apply this scheme to the quark sector. We consider
VudVusV
∗
ubVcbVtb
1− |Vub|2 , (15)
which is phase-convention independent. Using the Wolfenstein parametrization [15, 16], the
imaginary part and the real part of eq. (15) are given by
J
(quark)
CP = Im
VudVusV
∗
ubVcbVtb
1− |Vub|2 = A
2λ6η, (16)
J
(quark)
CP = Re
VudVusV
∗
ubVcbVtb
1− |Vub|2 = A
2λ6ρ. (17)
Their ratio equals to tan δ
(quark)
CP ,
J
(quark)
CP
J
(quark)
CP
= tan δ
(quark)
CP = η/ρ = 2.64. (18)
Therefore, the Kobayashi-Maskawa CP phase in the quark sector is given by δ
(quark)
CP ≃ 69◦.
In summary, we have considered a minimal condition that predicts θ13 ≃ θC/
√
2, and
have presented the improved prediction of θ13. The theoretical value of θ13 has been given in
eq. (8). In the case of normal mass ordering, the predicted value is in good agreement with
the current global best fit. In the case of inverted mass ordering, the predicted value is far
from the current global best fit. We have also shown that any values of the leptonic Dirac
CP phase δCP can be obtained by fine tuning, including δCP ≃ 3pi/2. Without fine tuning,
| sin δCP| should be very small, typically of O(λ2). Furthermore, we have proposed a measure
of CP violation, eq. (12), which is applicable to any flavor models. If our predictions, eqs. (7)
and (10), will be confirmed by future experiments, eq. (1) should be taken seriously.
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